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Linear stability analysis of the activator-inhibitor model

To calculate the S-Y parameter space of the activator-inhibitor model for the Turing

instability, linear stability analysis [1-5] is performed. The activator-inhibitor model is

defined by
2
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We are interested in the positive equilibrium of system (Al). By solving the relation:
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We can obtain the positive equilibrium denoted by E* = (

following nonuniform perturbations from E*:
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where A is the growth rate of the perturbations over time t, i is an imaginary unit, k is
the wave vector, r is the spatial vector in two-dimensional space and c.c. represents the
complex conjugate. By substituting Eq. (A4) into system (Al), we obtain the

characteristic equation:
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The characteristic equation is equivalent to the following equation:
A2 —tr A+A, =0, (A6)
where
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Eigenvalues A, are:
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According to Turing theory, Turing instability occurs in system (Al) if Re(Ax=o) <0

and Re(Ay+o) > 0 for some k. These conditions require

r,+r, <0,
M1l — Mol > 0, (A9)
r,D, +1,D, >0,

(rllDH 1y DA)2 _4DADH (rnrzz - r12r21) >0.
We take S and Y as the controlled parameters. Therefore, inequalities (A9) define a
domain in (S, Y) parameter space, namely, the Turing region. The expression A =

A(k) is called a dispersion relation given by (A8). Analysis of the dispersion relation

is thus informative because it shows the features of the spatial patterns.
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Supplement Figure 1 | Typical stalk behaviors in network structures of biological tissues and
organs. (a) Sprout growth of a mosaic embryoid body in vitro; (b) Arterial arborescence in the
intra-cortical capillary networks in a lateral region of the collateral sulcus in the temporal lobe; (c)
Intersegmental vessel (ISV) sprouting from the dorsal aorta in zebrafish embryo; (d) Vessel fusion

of the dorsal longitudinal anastomotic vessel (DLAV) in zebrafish embryo.
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Supplement Figure 2 | Simulation results of stalk extension influenced by parameters g, pa and

ph. (2) Results of stalk extension with variable ¢ after 75000 iterations. Parameter ¢ changes from

0.1 to 0.9 with 0.2 step size. (Other parameters:

D, = 0.02, Dy = 0.26, D, = 0.06, c =




0.002, ¢, = 0.02, u=0.16, v = 0.04, y = 0.02, d = 0.008, e = 0.1, f =10, p, = 0.03,

py = 0.00008.) (b) Results of stalk extension with variable pa after 80000 iterations. Parameter pa
changes from 0.02 to 0.05 with 0.01 step size. (Other parameters: D, = 0.02, Dy = 0.26, D; =
0.06, ¢ = 0.002, ¢, = 0.02, p=0.16, v=10.04, y=0.02, € =0.7, d =0.008, e = 0.1, f=
10, p = 0.00008.) (c) Results of stalk extension with variable py after 75000 iterations. Parameter
pn changes from 0.00005 to 0.00009 with 0.00001 step size. (Other parameters: D, = 0.02, Dy =
0.26, D; = 0.06, ¢ =0.002, ¢, = 0.02, p=0.16, v=0.04, y=0.02, € = 0.7, d = 0.008,
e=0.1, =10, py = 0.03.) The typical points (marked by white triangles) will be used to

calculate Turing wavelength through dispersion relation analysis.
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Supplement Figure 3 | Simulation results of tip bifurcation influenced by parameters &, pa and



ph.(8) Results of tip bifurcation with variable ¢ after 75000 iterations. Parameter ¢ changes from 0.5
to 0.9 with 0.1 step size. (Other parameters: D, = 0.02, Dy = 0.26, D, = 0.06, c = 0.002, ¢, =
0.02, p=0.16, v=0.04, y =0.02, d = 0.008, e = 0.1, f= 10, p4, = 0.03, py = 0.00008.)
(b) Results of tip bifurcation with variable pa after 75000 iterations. Parameter pa changes from 0.03
to 0.05 with 0.01 step size. (Other parameters: D, = 0.02, Dy = 0.26, D; = 0.06, ¢ =
0.002, ¢y =0.02, p=0.16, v=10.04, y=0.02, €e=0.7, d =0.008, e =0.1, f=10,py =

0.00008.) (c) Results of tip bifurcation with variable py after 75000 iterations. Parameter pn
changes from 0.00005 to 0.00009 with 0.00001 step size. (Other parameters: D, = 0.02, Dy =
0.26, D; = 0.06, ¢ =0.002, ¢, = 0.02, p=0.16, v=0.04, y=0.02, € = 0.7, d = 0.008,

e=0.1, f=10, p, = 0.03.) The typical points (marked by white triangles) will be used to

calculate Turing wavelength through dispersion relation analysis.
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Supplement Figure 4 | Simulation results of side branching influenced by parameters ¢, pa and
pH. (8) Results of side branching with variable ¢ after 135000 iterations. Parameter ¢ changes from
0.10 to 0.30 with 0.05 step size. (Other parameters: D, = 0.02, Dy = 0.26, D; = 0.06, ¢ =
0.002, ¢, = 0.02, u=0.16, v=0.04, y=0.02, d =0.008, e = 0.1, f =10, p, = 0.03,
pu = 0.00008.) (b) Results of side branching with variable pa after 120000 iterations. Parameter
pa changes from 0.03 to 0.05 with 0.01 step size. (Other parameters: D, = 0.02, Dy = 0.26, D, =
0.06, ¢ =0.002, ¢, =0.02, p=0.16, v=0.04, y=0.02, e =0.2, d =0.008, e=0.1, f=
10, py = 0.00008.) (c) Results of side branching with variable py after 135000 iterations.
Parameter pn changes from 0.00005 to 0.00009 with 0.00001 step size. (Other parameters: D, =
0.02, Dy = 0.26, D, = 0.06, ¢ = 0.002, ¢, = 0.02, p = 0.16, v = 0.04, y = 0.02, € = 0.2,

d =0.008, e =0.1, f=10, p, = 0.03.) The typical points (marked by white triangles) will be




used to calculate Turing wavelength through dispersion relation analysis.
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Supplement Figure 5 | Simulation results of tip fusion influenced by parameters &, pa and pn.
(a) Results of side branching with variable ¢ after 50000 iterations. Parameter ¢ changes from 0.1 to
0.9 with 0.2 step size. (Other parameters: D, = 0.02, Dy = 0.26, D; = 0.06, ¢ = 0.002, p =
0.16, v = 0.04, y = 0.02, d = 0.008, e = 0.1, f =10, p, = 0.03, p; = 0.00008.) (b) Results
of tip fusion with variable pa after 44000 iterations. Parameter pa changes from 0.02 to 0.05 with
0.01 step size. (Other parameters: D, = 0.02, Dy = 0.26, D; = 0.06, ¢ = 0.002, p = 0.16, v =
0.04, y =10.02, e =0.7, d=0.008, e = 0.1, f=10,py = 0.00008.) (c) Results of tip fusion

with variable pn after 40000 iterations. Parameter pn changes from 0.00005 to 0.00009 with 0.00001



step size. (Other parameters: D, = 0.02, Dy = 0.26, Dg = 0.06, ¢ = 0.002, p = 0.16, v =

0.04, y =0.02, €e=0.7, d = 0.008, e =0.1, f =10, p, = 0.03.) The substrate production rate

is set ¢, = 0.05 in the high concentration substrate region and ¢, = 0.02 in the other region.

The typical points (marked by white triangles) will be used to calculate Turing wavelength through

dispersion relation analysis.
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Supplement Figure 6 | Turing instability regions of mathematical model affected by parameter

pa. The parameter p, ranges from 0.02 to 0.06 at intervals 0.01. (Other parameters: D, =

0.02, Dy = 0.26, D; = 0.06, c = 0.002, ¢, = 0.02, p=0.16, v=0.04, y = 0.02, e = 0.7,

d=0.008, e = 0.1, f= 10, p, = 0.00008.)
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